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Abstract—This paper aims to minimize the total transmit
power consumption for Massive MIMO (multiple-input multiple-
output) downlink cellular systems when each user is served by
the optimized subset of the base stations (BSs). We derive a lower
bound on the ergodic spectral efficiency (SE) for Rayleigh fading
channels and maximum ratio transmission (MRT) when the BSs
cooperate using non-coherent joint transmission. We solve the
joint user association and downlink transmit power minimization
problem optimally under fixed SE constraints. Furthermore, we
solve a max-min fairness problem with user specific weights that
maximizes the worst SE among the users. The optimal BS-user
association rule is derived, which is different from maximum
signal-to-noise-ratio (max-SNR) association. Simulation results
manifest that the proposed methods can provide good SE for
the users using less transmit power than in small-scale systems
and that the optimal user association can effectively balance the
load between BSs when needed.
I. INTRODUCTION
By 2017 there will be seven trillion wireless devices and
the fast growth will increase the global CO2-equivalent emis-
sions significantly [1], [2]. Moreover, 80% of the power
in current networks is consumed at the BSs [2]. The BS
technology therefore needs to be redesigned to reduce the
power consumption. Many researchers have investigated how
the physical layer transmissions can be optimized to reduce
the transmitted signal power, while maintaining the quality-
of-service (QoS); see [3]–[5] and references therein. However,
the papers [3]–[5] are all optimizing the power with respect
to the small-scale fading, which is practically questionable
since the fading coefficients change rapidly (i.e., the pow-
ers must be reoptimized every few milliseconds) and since
the fading can be efficiently mitigated by channel coding.
In contrast, the small-scale fading has negligible impact on
Massive MIMO systems, thanks to favorable propagation [6],
and closed-form expressions for the ergodic SE are available
for linear precoding schemes [7]. The power allocation can
be optimized with respect to the large-scale fading in Massive
MIMO [8], which makes advanced power control algorithms
computationally feasible. A few recent works have considered
power allocation for Massive MIMO systems [9], [10], but
none of them has considered the BS-user association problem.
Massive MIMO has demonstrated high energy efficiency in
homogeneously loaded scenarios [7], where an equal number
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of users are preassigned to each BS. At any given time, the
user load is typically heterogeneously distributed in practice,
such that some BSs have many more users in their vicinity than
others. Large SE gains are possible by balancing the load over
the network [11], using other user association rules than simple
max-SNR association. The optimal association is naturally a
combinatorial problem with a complexity that scales exponen-
tially with the network size [11]. While load balancing is a
well-studied problem for heterogeneous multi-tier networks,
the recent work [12] has shown that large gains are possible
also in Massive MIMO systems with heterogeneous user loads.
In this paper, we jointly optimize the downlink (DL) power
allocation and BS-user association for Massive MIMO cellular
systems. A key assumption is that each user can be served
by multiple BSs, using low-complexity non-coherent joint
transmission. First, we derive a new general ergodic SE
expression for the scenario when the signals are decoded in a
successive manner. A closed-form expression is then derived
for MRT precoding and Rayleigh fading channels. After that,
we formulate a long-term power minimization problem under
constraints on the ergodic SE per user and maximum transmit
power per BS. This is shown to be a linear program when
the new ergodic SE expression for MRT precoding is used, so
the optimal solution can be obtained in polynomial time. The
solution also provides the optimal BS-user association policy,
which assigns a single BS per user in most cases. In addition
to fixing the target SE constraints, we consider weighted max-
min SE optimization and show that this problem can also be
solved efficiently using our new SE expression.
Notations: We use the upper-case bold face letters for
matrices and lower-case bold face ones for vectors. IM and
IK are the identity matrices of size M × M and K × K ,
respectively. The operator E {·} represents the expectation of
a random variable. The notation ‖ · ‖ stands for the Euclidean
norm. The regular and Hermitian transposes are denoted by
(·)T and (·)H , respectively. Finally, CN (·, ·) represents the
circularly symmetric complex Gaussian distribution.
II. SYSTEM MODEL AND ACHIEVABLE PERFORMANCE
A schematic diagram of our system model is shown in
Fig. 1. We consider a Massive MIMO system with L cells.
Each cell comprises a BS with M antennas. The system serves
K single antenna users in the same time-frequency resource.
Note that each user is conventionally associated and served
Fig. 1. A multiple-cell Massive MIMO DL system where users can be
associated with more than one BS (e.g., red users). The optimized BS subset
for each user is obtained from the proposed optimization problem.
by only one of the BSs. However, in this paper, we optimize
the BS-user association, so the users are numbered from 1
to K without having predefined cell indices. Each user is
preassociated with all BSs, while the optimal subset of BSs is
later found by optimization. We assume that the channels are
constant and frequency-flat in a coherence interval of length
τc symbols and the system operates in time division duplex
(TDD) mode. In each coherence interval, τp symbols are used
for channel estimation, and τc − τp symbols are dedicated for
the data transmission. We focus on the DL data transmission
in this paper.
A. Uplink Channel Estimation
Assume that all users simultaneously transmit mutually
orthogonal pilot sequences of length τp with τp ≥ K . The
received pilot signal Yl ∈ CM×τp at BS l is expressed as
Yl = HlP
1/2ΦH +Nl, (1)
where the channel matrix Hl = [hl,1, . . . ,hl,K ] ∈ CM×K has
the column vectors hl,k each of which denotes the channel be-
tween user k and BS l, for k = 1, . . . ,K and l = 1, . . . , L. In
this paper, we consider uncorrelated Rayleigh fading channels
hl,k ∼ CN (0, βl,kIM ) with the channel variance βl,k. The
orthogonality of the pilot sequences implies that the τp × K
pilot matrix Φ = [φ1, . . . ,φK ] satisfies ΦHΦ = τpIK . If
we let pk denote the power that user k assigns for each
uplink (UL) pilot symbol, then the diagonal power matrix
is formulated as P = diag(p1, . . . , pK) ∈ CK×K . Finally,
Nl ∈ CM×τp is Gaussian noise with its independent entries
having the distribution CN (0, σ2UL).
Based on the received pilot signal in (1) and assuming that
the BS knows the channel statistics, it can apply minimum
mean square error (MMSE) estimation [13] to obtain an
estimate hˆl,k of hl,k. Due to the orthogonality of the pilot
sequences, the channel hl,k only occurs as hl,kφHk in (1).
Thus, a sufficient statistic to estimate channel hl,k is
Ylφk = HlP
1/2ΦHφk +Nlφk =
√
pkτphl,k + n˜l,k, (2)
where n˜l,k = Nlφk ∼ CN (0, τpσ2ULIM ). The MMSE
estimate hˆl,k of hl,k has the estimation error defined as
el,k = hˆl,k − hl,k. Consequently, the channel estimate and
the estimation error are independent and distributed as
hˆl,k ∼ CN
(
0,
pkτpβ
2
l,k
pkτpβl,k + σ2UL
IM
)
, (3)
el,k ∼ CN
(
0,
βl,kσ
2
UL
pkτpβl,k + σ2UL
IM
)
. (4)
These distributions provide the statistical properties of the
channel estimates that are needed to analyze utility functions
like the DL ergodic SE in Massive MIMO cellular systems and
further formulate joint user association and QoS optimization
problems, which are the main goals of this paper.
B. Data Transmission Model
We assume that each BS is allowed to transmit to each user
but sends a different data symbol than the other BSs. This
is referred to as non-coherent joint transmission [5] and it is
less complicated to implement than coherent joint transmission
which requires phase-synchronization between BSs. At BS l,
the transmit signal xl is
xl =
K∑
t=1
√
ρl,twl,tsl,t. (5)
Here the scalar data symbol sl,t, which BS l intends to transmit
to user t, has unit power E{|sl,t|2} = 1 and ρl,t stands for the
transmit power allocated to this particular user. In addition, the
corresponding linear precoding vector wl,t ∈ CM determines
the spatial directivity of the signal sent to this user. We notice
that user t is associated with BS l if and only if ρl,t 6= 0, and
each user can be associated with multiple BSs. The received
signal at an arbitrary user k is modeled as
yk =
L∑
i=1
√
ρi,kh
H
i,kwi,ksi,k +
L∑
i=1
K∑
t=1
t6=k
√
ρi,th
H
i,kwi,tsi,t + nk.
(6)
The first part in (6) is the superposition of desired signals that
user k receives from the BSs. The second part is multi-user
interference that degrades the quality of the detected signals.
The third part is the additive white noise nk ∼ CN (0, σ2DL).
To avoid spending precious DL resources on pilot signaling,
we suppose that user k does not have any information about
the current channel realizations but only knows the channel
statistics [6]. User k would like to detect all the desired
signals coming from the BSs. To achieve low computational
complexity, we assume that each user detects its different
data signals sequentially and applies successive interference
cancellation. From these assumptions, a lower bound on the
capacity between the BSs and user k is given in Theorem 1.
Theorem 1: By decoding Gaussian signals in a successive
manner, a lower bound on the DL ergodic sum capacity of an
arbitrary user k is given by
Rk =
(
1− τp
τc
)
log2 (1 + SINRk) [bit/symbol], (7)
where the value of the SINR is defined in (8).
SINRk =
∑L
i=1 ρi,k|E{hHi,kwi,k}|2∑L
i=1 ρi,k(E{|hHi,kwi,k|2} − |E{hHi,kwi,k}|2) +
∑L
i=1
∑K
t=1
t6=k
ρi,tE{|hHi,kwi,t|2}+ σ2DL
(8)
Proof: The sum SE Rk is obtained, similar to [5], [14], by
letting user k detect the received signals coming from all BSs.
Suppose that user k is currently detecting the signal sent by
an arbitrary BS i, say si,k, and possesses the detected signals
of the (i−1) previous BSs but not their instantaneous channel
realizations. Let us denote Ri,k the lower bound on the ergodic
SE between user k and BS i, and therefore Rk =
∑L
i=1Ri,k.
The detailed proof is available in [15].
The numerator in (8) is a summation of the desired signal
powers sent to user k over the average precoded channels from
each BS. It confirms that BS cooperation in the form of non-
coherent joint transmission is feasible and has the potential to
increase the sum SE at the users since all signals are useful.
The first term in the denominator represents beamforming
gain uncertainty, caused by the lack of CSI at the terminal,
while the second term is multi-user interference and the third
term represents Gaussian noise. Besides, we stress that the SE
expression in Theorem 1 holds for any channel distribution
and precoding schemes.
C. Achievable Spectral Efficiency under Rayleigh Fading
We consider MRT precoding which is defined as
wl,k =
hˆl,k√
E{‖hˆl,k‖2}
. (9)
The lower bound on the ergodic capacity is obtained in closed
form with MRT, as shown in Corollary 1.
Corollary 1: For Rayleigh fading channels, if the BSs uti-
lize MRT precoding, then the lower bound on the DL ergodic
sum rate in Theorem 1 is simplified to
Rk =
(
1− τp
τc
)
log2 (1 + SINRk) [bit/symbol], (10)
where the SINR is
SINRk =
M
∑L
i=1 ρi,k
pkτpβ
2
i,k
pkτpβi,k+σ2UL∑L
i=1
∑K
t=1 ρi,tβi,k + σ
2
DL
. (11)
Proof: We exploit closed-form expressions for the mo-
ments of circularly symmetric Gaussian variables in order to
compute the expectations in (8). The full proof is available in
[15].
This corollary reveals that the signal power increases pro-
portionally to M thanks to the array gain. Meanwhile, the
interference is unaffected by the number of BS antennas. In
addition, the non-coherent combination of received signals at
user k adds up the power from multiple BSs and can give
stronger signal gain than if only one BS serves the user.
III. JOINT TOTAL TRANSMIT POWER OPTIMIZATION AND
USER ASSOCIATION OPTIMIZATION
A. Problem Formulation
The transmit power at an arbitrary BS i, Ptrans,i is limited
by the peak radio frequency output power Pmax,i, which
defines the maximum power that can be utilized at each BS.
In particular, Ptrans,i is computed from the transmit signals as
Ptrans,i = E{‖xi‖2} =
K∑
t=1
ρi,t, 0 ≤ Ptrans,i ≤ Pmax,i. (12)
The main goal of a Massive MIMO network is to deliver a
promised service quality to the users, while consuming as little
power as possible. In this paper, we formulate this as a power
minimization problem under user-specific QoS constraints as
minimize
{ρi,t≥0}
L∑
i=1
Ptrans,i
subject to Rk ≥ ξk, ∀k
Ptrans,i ≤ Pmax,i, ∀i,
(13)
where ξk represents for the target QoS of user k. By defining
ξˆk = 2
ξkτc
(τc−τp) − 1 and plugging (10) and (12) into (13), the
power minimization problem for MRT is expressed as
minimize
{ρi,t≥0}
L∑
i=1
K∑
t=1
ρi,t
subject to
∑L
i=1 ρi,k
Mpkτpβ
2
i,k
pkτpβi,k+σ2UL∑L
i=1
∑K
t=1 ρi,tβi,k + σ
2
DL
≥ ξˆk, ∀k
K∑
t=1
ρi,t ≤ Pmax,i, ∀i.
(14)
The jointly optimal power allocation and user association
are obtained by solving this problem. At the optimal solution,
each user t in the network is associated with the subset of
BSs that is determined by the non-zero values ρi,t. There
are fundamental differences between our problem formulation
and previous ones such as [5] and the references therein.
The main distinction is that these previous works consider
short-term QoS constraints that depend on the current fading
realizations, while we consider long-term QoS constraints that
do not depend on instantaneous fading realizations thanks to
channel hardening and favorable properties in Massive MIMO.
B. Optimal Solution with Linear Programming
Let us denote the power control vector of an arbitrary user t
by ρt = [ρ1,t, . . . , ρL,t]T ∈ CL, where its entries satisfy ρi,t ≥
0 meaning that ρt  0. We also denote 1 = [1, . . . , 1]T ∈ CL
and ǫi ∈ CL has all zero entries but the ith one is 1. The
optimal power allocation is obtained as shown in Theorem 2.
Theorem 2: The optimal solution to the total transmit power
minimization problem in (14) is obtained by solving the
following linear program:
minimize
{ρt0}
K∑
t=1
1
Tρt
subject to
K∑
t=1
c
T
k ρt − bTk ρk + σ2DL ≤ 0, ∀k
K∑
t=1
ǫTi ρt ≤ Pmax,i, ∀i.
(15)
Here, the vectors ck and bk are defined as
ck = [β1,k, . . . , βL,k]
T
,
bk =
[
Mpkτpβ
2
1,k
ξˆk (pkτpβ1,k + σ2UL)
, . . . ,
Mpkτpβ
2
L,k
ξˆk (pkτpβL,k + σ2UL)
]T
.
Proof: The problem in (15) is obtained from (14) after
some algebra. We note that the objective function is a linear
combination of power vectors ρt, for t = 1, . . . ,K . Moreover
the constraint functions are affine functions of power variables.
Thus, the optimization problem (15) is a linear program.
The merits of Theorem 2 are twofold: The total transmit
power minimization problem for a Massive MIMO cellular
system with non-coherent joint transmission can be solved
to global optimality in polynomial time. The optimal power
allocation can thus be obtained by interior-point methods,
for example, general-purpose implementations such as CVX
[16]. Additionally, the solution provides the optimal BS-user
association in the system as presented in the next subsection.
C. BS-User Association Principle
To shed light on the optimal association between users and
BSs provided by the solution in Theorem 2, we use Lagrange
duality theory. The Lagrangian of (15) is
L (ρt, λk, µi) =
K∑
t=1
1
Tρt +
K∑
k=1
λk
(
K∑
t=1
c
T
k ρt − bTk ρk + σ2DL
)
+
L∑
i=1
µi
(
K∑
t=1
ǫTi ρt − Pmax,i
)
,
(16)
where the non-negative Lagrange multipliers λk and µi are
associated with the kth QoS constraint and the peak transmit
power constraint at BS i, respectively. Based on the La-
grangian we can formulate the dual problem and then obtain
the set of BSs that serves an arbitrary user t as follows.
Theorem 3: Let {λˇk, µˇi} denote the optimal Lagrange mul-
tipliers. User t is served only by the subset of BSs with indices
in the set
St = argmin
i
(
1 +
K∑
k=1
λˇkci,k +
L∑
i=1
µˇi
)
1
bi,t
, (17)
where ci,k = βi,k and bi,t =
Mptτpβ
2
i,t
ξˆt(ptτpβi,t+σ2UL)
.
The optimal BS association for user t is further specified as
one of the following two cases:
• It is served by one BS if the set St in (17) only contains
one index.
• It is served by a subset of BSs if the set St in (17) contains
several indices.
Proof: Conditions on the optimal Lagrange multipliers are
obtained by taking the first-order derivative of the Lagrange
function with respect to power variables. Thereafter (17) is
obtained by ensuring that the dual problem is bounded from
below. The full proof is available in [15].
The expression in (17) explicitly shows that the optimal
BS-user association is affected by many factors such as inter-
ference between BSs, noise variance, power allocation, large-
scale fading, channel estimation quality and QoS constraints.
There is no simple association rule since the function depends
on the Lagrange multipliers, but we can be sure that the max-
SNR association is not always optimal.
IV. MAX-MIN QOS OPTIMIZATION
This section is inspired by the fact that there is not always
a feasible solution to the power minimization problem with
fixed QoS constraints in (15). For a certain network, it is not
easy to select the target QoS values. Our vision is to supply
a good target QoS for all users by maximizing the lowest
QoS value, possibly with some user specific weighting [17].
Consequently, we formulate the max-min QoS problem as
maximize
{ρi,t≥0}
min
k
Rk/wk
subject to Ptrans,i ≤ Pmax,i , ∀i,
(18)
where wk > 0 is the specific weight for user k. The weights
can be assigned based on for example information about the
propagation, interference situation and user priorities. If there
is no prior information regarding the users, they may be set
to 1. To solve (18), it is converted to the epigraph form as
maximize
{ρi,t≥0},ξ
ξ
subject to Rk/wk ≥ ξ , ∀k
Ptrans,i ≤ Pmax,i , ∀i,
(19)
where ξ is the minimum QoS parameter for the users that we
aim to maximize. Note that we can solve (19) for a fixed ξ
as a linear program using Theorem 2 with ξk = ξwk . Since
the QoS constraints are increasing functions of ξ, the solution
to the max-min QoS problem can be obtained by doing a line
search over the range R = [0, ξupper0 ], where ξupper0 is selected
to make (15) infeasible, to get the maximal value. Hence, this
is a quasi-linear program. Note that we jointly maximize the
minimum QoS and find the optimal BS-user association when
solving (18) and (19).
We use the bisection line search method [4] to obtain the
solution. The problem (19) is solved in an iterative manner: by
iteratively reducing the size of the search range and solve the
problem (15), the maximum QoS level and optimal BS-user
association can be simultaneously optimized. At each iteration,
the feasibility of (15) is verified with the value ξcandidate ∈ R,
that is defined as the middle point of the current search
range. If the problem is feasible, then its solution {ρˇk},
for k = 1, . . . ,K , is assigned as the power allocation and
the lower bound ξlower is updated as well. Otherwise, if the
problem is infeasible, then a new upper bound is set up. The
algorithm will be terminated if the difference between the
upper and lower limit of the search range is smaller than a
line-search accuracy value δ. The max-min QoS optimization
is summarized in Algorithm 1.
Algorithm 1 Max-min QoS based on the bisection method
Result: Solve optimization in (18).
Input: Initial upper bound ξupper0 , and line-search accuracy δ;
Set ξlower = 0; ξupper = ξupper0 ;
while ξupper − ξlower > δ do
Set ξcandidate = ξ
upper+ξlower
2 ;
if (15) is infeasible for ξk = wkξcandidate, ∀k, then
Set ξupper = ξcandidate;
else
Set {ρˇk} as the solution to (15);
Set ξlower = ξcandidate ;
end if
end while
Set ξlowerfinal = ξlower and ξ
upper
final = ξ
upper;
Output: Final interval [ξlowerfinal , ξ
upper
final ] and {ρk} = {ρˇk};
V. NUMERICAL RESULTS
In this section, the analytical contributions from the previous
sections are evaluated by simulation results for a Massive
MIMO cellular system with MRT precoding. Our system
deployment is sketched in Fig. 2 comprising of 4 BSs and 20
users. For the max-min QoS algorithm, user specific weights
are set to wk = 1, ∀k, to make it easy to interpret the results.
Since the joint power allocation and BS-user association
obtains the optimal subset of BSs that associate with users,
we denote it to as “Optimal” in the figures. For comparison,
we also consider a greedy method, in which each user is
associated with only the BS that gives the strongest signal
on the average (i.e., the max-SNR value). The performance is
averaged over user locations.
The peak DL radio frequency output power is 40 W per BS.
The system bandwidth is 20 MHz and the coherence interval is
of 200 symbols. The users send the orthogonal pilot sequences
whose length equals the number of users (i.e., 20 symbols) and
has energy of 2×10−7 J. The shadow fading zl,k is generated
by utilizing log-normal Gaussian distribution with standard
deviation 7 dB. The path loss at distance d km is calculated
by 148.1 + 37.6 log10 d. Consequently, the channel variance
βl,k is computed as βl,k = −148.1 − 37.6 log10 d + zl,k dB.
Moreover, with the noise figure of 5 dB, the noise variance
for both the UL and DL is −96 dBm.
We show the total transmit power as a function of the
number of BS antennas in Fig. 3. For fair comparison, the
results are averaged over only user locations where both
association methods can satisfy the QoS constraints. The
results reveal a superior reduction of the total transmit power
compared to the peak one, say 160 W, in small-scale MIMO
Base station User
1 km
Fig. 2. Massive MIMO cellular system considered in the simulations: The
BS locations are fixed, while 20 users are randomly distributed over the joint
coverage area of the BSs.
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Fig. 3. The total transmit power (
∑
L
i=1
Pi) versus the number of antennas
at each BS.
cellular systems. In addition, we notice that the simple max-
SNR association is close to optimal in these cases.
The difference between the optimal association and max-
SNR association is seen from the fact that sometimes only the
former can satisfy the QoS constraints. Fig. 4 demonstrates
the “bad service probability” which is defined as the fraction
of random user locations and shadow fading realizations in
which the power minimization problem in Theorem 2 is
infeasible. The optimal BS-user association is more robust to
environment variations than the max-SNR association since
the non-coherent joint transmission can help to resolve the
infeasibility. In addition, the figure also verifies difficulties of
providing high target SE for all the users, especially when the
BSs have a small number of antennas or the users demand high
QoS levels. This is a key motivation to consider the max-min
QoS optimization problem instead, because it provides feasible
solutions for any user locations and channel realizations.
Fig. 5 shows the achievable max-min QoS level for all users
as a function of the number of BS antennas. Massive MIMO
is able to provide good QoS to every user. Roughly speaking,
the optimal user association provides up to 10% higher QoS
than the max-SNR association. Besides, the probability that a
user is served by more than one BS is shown in Fig. 6. Even
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Fig. 4. The bad service probability versus the number of BS antennas.
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Fig. 5. The max-min QoS level versus the number of BS antennas.
though the system model lets BSs cooperate with each other
to serve the users, experimental results verify that single-BS
association is optimal in 93% or more of the cases. This result
for the Massive MIMO systems is similar to those obtained by
the multi-tier heterogeneous network with multiple-antennas
at BSs in [5]. Although the joint transmission probability is
relatively independent of the number of BS antennas, the max-
min SE is significantly improved if the BSs are equipped with
massive antennas as shown in Fig. 5. Case 2 in Theorem 3
might happen for example, when some users experience severe
shadow fading realizations or there is a high user load at
some BSs, which can only be resolved by joint transmission
from multiple BSs. Thus, only the optimal BS-user association
satisfies QoS constraints, while the max-SNR association falls
in bad services as shown in Fig. 4.
VI. CONCLUSION
The joint power allocation and BS-user association for
the DL non-coherent joint transmission in Massive MIMO
systems was designed to minimize the total transmit power
consumption at the BSs while satisfying QoS constraints at the
users. For Rayleigh fading channels, we proved that the total
transmit power minimization problem with MRT precoding is
a linear program, so it is always solvable to global optimality
in polynomial time. Additionally, we provided the optimal
BS-user association rule. In order to ensure that all users are
fairly treated, we also solved the max-min QoS optimization
problem. Numerical results manifested the effectiveness of our
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Fig. 6. The joint transmission probability versus the number of BS antennas.
proposed methods, and that the max-SNR association works
well in many Massive MIMO scenarios but is not optimal.
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